Discrete maps have been extensively used to model 2-dimensional chaotic transport in plasmas and fluids. Here we focus on area-preserving maps describing finite Larmor radius (FLR) effects on E × B chaotic transport in magnetized plasmas with zonal flows perturbed by electrostatic drift waves. FLR effects are included by gyro-averaging the Hamiltonians of the maps which, depending on the zonal flow profile, can have monotonic or non-monotonic frequencies. In the limit of zero Larmor radius, the monotonic frequency map reduces to the standard Chirikov-Taylor map, and, in the case of non-monotonic frequency, the map reduces to the standard nontwist map. We show that in both cases FLR leads to chaos suppression, changes in the stability of fixed points, and robustness of transport barriers. FLR effects are also responsible for changes in the phase space topology and zonal flow bifurcations. Dynamical systems methods based on recurrence time statistics are used to quantify the dependence on the Larmor radius of the threshold for the destruction of transport barriers. * Electronic address: jfonseca@if.usp.br † Electronic address: delcastillod@ornl.gov ‡ Electronic address: ibere@if.usp.br 1 arXiv:1409.3106v1 [physics.plasm-ph]
I. INTRODUCTION
Important research efforts in controlled nuclear fusion are focused on the magnetic confinement of hot plasmas. In order to improve the confinement conditions, a better understanding of the particle transport is needed, especially in the case of particle drift motion. A standard approach to this problem is based on the E × B approximation of charged particle's guiding center's motion, e.g. Refs. [1] [2] [3] [4] . However, in the case of fast particles, e.g. alpha particles in burning plasmas, or in the presence of inhomogeneous fields on the scale of the Larmor radius, it is necessary to consider finite Larmor radius (FLR) effects to correctly estimate the transport of particles [5, 6] .
Previous studies on the role of the Larmor radius on transport include Refs. [5, 7, 8] where particle transport in numerical simulations of electrostatic turbulence was analyzed and FLR effects were shown to inhibit transport. The problem of non-diffusive chaotic transport and fractional diffusion in the presence of FLR effects was addressed in Ref. [9] .
In Refs. [6, 10] dynamical systems methods were used to investigate FLR effects on chaos suppression and bifurcations in the phase space topology.
In this paper we study FLR effects in the context of simplified area-preserving map models of E × B motion. The maps are constructed following the standard Hamiltonian framework for electrostatic drift motion [11] , and FLR corrections are included by gyroaveraging the electrostatic potential [12] . The potential has an equilibrium depending on the radial coordinate and a time-dependent perturbation consisting of a linear superposition of drift waves. Depending on the radial dependence of the equilibrium the maps' frequencies can have monotonic or non-monotonic profiles. Our main focus is the study of FLR effects on chaos suppression, stability of fixed points, nontwist phase space topologies, and transport barriers. Although ∇ B × B drift might play a role in the presence of FLR, here we will restrict attention to E × B drifts.
In dynamical systems theory, the term "nontwist" is used to designate Hamiltonian systems that violate the twist or non-degeneracy condition. A paradigmatic example is a perturbed system in which the frequency of the unperturbed part of the Hamiltonian is a non-monotonic function of the action. Nontwist Hamiltonian systems are found in many physical systems including E × B transport in magnetized plasmas [3, 4] , magnetic fields with reverse shear in toroidal plasma devices [13] [14] [15] [16] , and transport by traveling waves in shear flows [17] [18] [19] among others. The presence of nontwist transport barriers is among the most important properties of nontwist Hamiltonian systems. By nontwist transport barriers we mean a robust region of invariant circles, also called Kolmogorov-Arnold-Moser (KAM) curves, that are very resilient to breakup, i.e., they can survive even when the phase space is almost completely chaotic. This property, originally discovered in Refs. [17, 20] , has also been referred to as strong KAM stability [21] in the context of one-and-a-half degrees-offreedom Hamiltonian systems, and has been the subject of several studies (see, for example, [22] [23] [24] [25] and references therein). Throughout this paper use the term "KAM curve" as a synonymous of "invariant circle" or "transport barrier".
In this paper the maps correspond to Hamiltonians whose unperturbed frequencies can be monotonic or non-monotonic functions of the action variable. The latter case is characterized by the presence of nontwist transport barriers that can be destroyed or restored by changing the value of the Larmor radius. This property is directly related to the FLR suppression of chaotic transport studied in Refs. [6, 10] . Here we show that chaos suppression occurs when the Larmor radius is close to specific values for which invariant circles become very resilient to breakup. In the case of nontwist maps, the invariant circles forming the nontwist transport barrier are the easiest to restore and the hardest to break. One of the main goals of the present work is the numerical computation of the critical parameters for the breakup of nontwist barriers. To compute the breakup diagrams we follow the technique in Ref. [26] which is based on the application of Slater's theorem [38] to the recurrence properties of orbits. As shown in Refs. [26, 27] , the recurrence properties of an orbit provide an efficient and accurate method to differentiate chaotic and non-chaotic motion. A recent example of the application of this technique to the standard nontwist map was presented in Ref. [28] .
The rest of the paper is organized as follows. The next section introduces a general area preserving map of gyro-averaged E × B transport. This model is the starting point for the specific cases studied in the subsequent sections. The first case, for which the frequency has a monotonic profile, is presented in Sec. III, where FLR effects on the transition to global chaos are analyzed. Section IV describes a case with a non-monotonic profile and discusses FLR effects on the stability of fixed points, phase space topology, and breakup diagrams.
A second nontwist map is presented in Sec. V where FLR effects on zonal flow bifurcations are analyzed. Section VI presents the conclusions and a brief summary of the main results.
II. TRANSPORT MODEL
The E × B drift velocity of the guiding center is given by [29] 
Using x as radial coordinate, and y as poloidal coordinate, the equations of the E × B drift motion, (ẋ(t),ẏ(t)) = v GC , can be written as the Hamiltonian system
where
φ is the electrostatic potential, and B 0 denotes the magnitude of the toroidal magnetic field, B = B 0êz . As discussed in Ref. [10] , finite Larmor radius (FLR) effects can be incorporated substituting the electrostatic potential by its average over a circle around the guide center
where ρ is the Larmor radius. Equation (4) corresponds to the well-known gyro-averaging operation [12] . The gyro-averaged Hamiltonian can then be defined as
and the gyro-averaged equations of motion (2) can be written as
Following Ref. [30] , we assume an electrostatic potential of the form
where φ 0 (x) is the equilibrium potential, A, the amplitude of the drift waves, k is the wave number, and ω 0 is the fundamental frequency. Applying the gyro-average operation in
Eq. (4) to Eq. (7), and substituting the result in Eq. (3), we obtain the Hamiltonian
where J 0 is the zero-order Bessel function, and the integrable Hamiltonian H 0 (x) ϕ is defined as
Using the Fourier series representation of the Dirac delta function, Eq. (8) can be rewritten as
Let x n = x(t − n ) and y n = y(t − ε, n ∈ N, and ε → 0 + . Integrating Eq. (6) in the interval (t − n , t − n+1 ) leads to the gyro-averaged drift wave map
whereρ = kρ, and Ω (x) corresponds to the frequency associated to the integrable Hamiltonian in Eq. (9) Ω
For ρ = 0, Ω (x) = −E r (x)/B 0 , where E r (x) is the radial component of the electric field.
Depending on the equilibrium potential φ 0 (x), which determines E r (x) and Ω (x), different area-preserving maps can be constructed from Eqs. (11) and (12) . In the next sections, we discuss three different cases.
III. GYROAVERAGED STANDARD MAP
As a first simple example we assume a monotonic linear frequency profile to construct the gyro-averaged standard map (GSM). This map is a modified version of the standard map, also known as the Chirikov-Taylor map [31, 32] . To define the frequency in Eq. (12), we use the equilibrium potential
where k is the wave number in Eq. (7), and α is a free parameter. Applying the gyro-average operation to Eq. (14) yields
which does not depend on the Larmor radius, and has a monotonic profile. Introducing the non-dimensional variables
and the constant γ = 2παk
we get, from Eq. (11) and Eq. (12), the gyro-averaged standard map (GSM)
is the effective perturbation parameter and K = γ 2 A/α is the perturbation parameter. For ρ = 0, K ef = K, and the GSM reduces to the standard map.
The phase space of the GSM, as in the case of any area-preserving map, consists of periodic, quasiperiodic, and chaotic orbits. Quasiperiodic orbits cover densely invariant curves.
The invariant curves around the elliptic fixed points form island chains, and the invariant curves that wind around the entire domain of the angle variable form invariant circles [33] .
The presence of KAM curves is of special interest because they preclude transport in the direction of the radial coordinate x, keeping chaotic orbits confined to specific regions of phase space.
According to Greene's residue method [34] , the transition to global chaos in the standard map occurs when the absolute value of the perturbation parameter is equal to, or greater than, the critical value K c 0.9716. That is, for K ≥ K c , all KAM curves are broken, and chaotic orbits can spread over all phase space (except in regions occupied by isolated islands). Larmor radius effects on the transition to global chaos in the GSM can be analyzed by defining the critical line dividing the K −ρ parameter space in two regions: one for which the phase space contains at least one KAM curve and another for which transition to global chaos has occurred. In the standard map, there is no dependence onρ, which means that the critical line is just a horizontal line defined at K = K c , as indicated in Fig. 1 . However, for the GSM, the critical line is determined by the condition |K ef | = K c which implies
As shown in Fig. 1 , even for high values of the perturbation parameter (K K c ) there are an infinite number of regions of Larmor radius values for which KAM curves can be restored and chaos is suppressed. The gyro-averaging operation "breaks" the critical line at the zeros of the zero-order Bessel function. In particular, near the zeros, the critical perturbation goes to infinity and the transition to global chaos cannot occur. Writingρ = ρ i + δρ, where ρ i is the i-th zero of J 0 and δρ 1, and expanding in Taylor series, the divergence of the critical perturbation near the zeros of J 0 can be approximated as
where J 1 denotes the Bessel function of first order. The first five positive zeros, indicated in No KAM curves are observed in the Poincaré section as P 0 belongs to the region of global chaos. Keeping the same value of K and changing the value ofρ to ρ 2 (point P 1 in Fig. 1) eliminates all the chaotic orbits (see figure 2(b)).
IV. GYROAVERAGED STANDARD NONTWIST MAP
As a second example of the gyro-averaged drift wave map, we introduce the gyroaveraged standard nontwist map (GSNM), which corresponds to a non-monotonic radial electric field.
In this case the equilibrium potential is
where α and L are dimensional constants. The gyro-average of Eq. (24) gives and from Eq. (13) we get the non-monotonic parabolic frequency profile,
which has a maximum at x = 0. For ρ = 0, the zeros of Ω (x) (and also of the E r profile)
are located at ±L, where L is the characteristic length of the frequency profile. Substituting
Eq. (26) into Eq. (12), we obtain
Introducing the dimensionless variables: we get the gyro-averaged standard nontwist map (GSNM):
where:
are four dimensionless parameters. We refer to b as the perturbation parameter, which is proportional to the amplitude A of the drift waves. Like in the GSM case, we can also define an effective perturbation parameter
As indicated in Eq. (33),ρ, andρ correspond to the Larmor radius normalized using two different length scales: the characteristic length of the frequency profile L and the wavelength
According to Eqs. (30)- (31), the fixed points of the GSNM, I * = I n+1 = I n and θ * = θ n+1 = θ n , satisfy
where m is an integer number. For each m ∈ Z, a = 0, bJ 0 (ρ) = 0, andρ
there are four fixed points:
Note that the θ coordinate of P ± and Q ± does not depend on any parameters. Ifρ =
, the pair of points {P + , P − } collide at (0, 0), and {Q + , Q − } collide at 1 2 , 0 . The stability of a k-periodic orbit of a map M is determined by the residue
where J is the Jacobian matrix of M , evaluated at the k-periodic orbit { x i } k−1 i=0 . If 0 < R < 1, the periodic orbit is elliptic (stable); if R < 0 or R > 1, it is hyperbolic (unstable); and it is parabolic for R = 0 or R = 1. Applying formula (40) to the GNSM fixed points in Eqs. (37)- (38) we get
The stability of the fixed points {P ± , Q ± } with m = 0 can be analyzed using the parameter Λ (a, b,ρ,ρ) = R (P − ). As shown in and fixed values ofρ andρ.
To determine the condition for separatrix reconnection associated to the fixed points P ± and Q ± with m = 0, we follow Refs. [17, 20] and approximate the GSNM in the vicinity of the fixed points by the Hamiltonian
For 0 < Λ < 1 (configuration I), separatrix reconnection occurs when these two conditions, we obtain the reconnection line
with slope:
The reconnection line divides the a-b parameter space in two regions: one with heteroclinic-type topology (
σ (ρ,ρ)) and another with homoclinic-type topology
σ (ρ,ρ)). The slope of the reconnection line is defined by the angle arctan , and the phase space is characterized by the homoclinic-type topology for a fixed a and almost every value of the parameter b. For low (blue) values of σ, the slope of the reconnection line tends to 0, and the phase space is characterized by the heteroclinic-type topology for a fixed b and almost every value of the parameter a. The transition to global chaos in the GSNM corresponds to the destruction of the nontwist transport barrier (NTB) which is a robust non-chaotic region of KAM curves dividing the phase space. The NTB is robust in the sense that their KAM curves are typically more resilient to perturbation than other KAM curves in the system. Consider the 3/2-degrees-of-freedom Hamiltonian system
where I and θ are the action-angle variables of the integrable system, H 0 , and the parameter controls the strength of the time-periodic perturbation V . In this case, the twist (non-
for all I. If there is at least one critical point for which dΩ/dI = 0, the non-degeneracy condition is violated the Hamiltonian in Eq. (45) is nontwist. One of the main properties of these systems is the presence of robust NTBs located at the critical points (maxima or minima) of the frequency profile even in the case when most of the phase space is chaotic [17] .
As discussed before, the GSNM can be obtained by integrating the equations of motion of the 3/2-degrees of freedom Hamiltonian in Eq. (8) . This is a nontwist Hamiltonian because the frequency in Eq. (26) has a critical point at x = 0. Figure 7 shows a Poincaré section of the GSNM with a = 0.354,ρ = 0, and bJ 0 (ρ) = 0.8. As expected, the phase space is characterized predominantly by chaotic orbits (green and red regions), but it has a robust NTB consisting of "belt" of KAM curves (black curves).
D. Breakup Diagrams
Here we study the transition to global chaos in the GSNM, i.e., the destruction of the A standard way to determine the parameter values for the destruction of the shearless curve is based on the indicator point (IP) method proposed in Ref. [35] and used is several works including Refs. [6, 19, 37] . This method consists on finding the parameter values for which the iterations of the indicator point, which defines the indicator point orbit (IPO), are chaotic. If the IPO is quasiperiodic, it traces a shearless KAM curve. When the IPO is chaotic, the shearless curve is broken. In nontwist maps with special symmetries, like the ones studied here, the indicator points can be easily found by computing the fixed points of the reversing symmetry group transformations. Further details can be found in Ref. [36] .
Following a procedure similar to the one in Ref. [37] , we obtained the following IPs for the gyro-averaged standard nontwist map
Once the IPs are found, the next step is to obtain the critical thresholds using an appropriate criterion to determine if the IPO is chaotic. Our criterion is based on the technique proposed in [26] , which considers the recurrence properties of the IPO in conjunction with
Slater's Theorem [38] . Recurrence properties and their relation to the Slater's Theorem were also discussed in [27] . In Ref. [28] , the technique described in Ref. [26] was used to study the breakup of the shearless curve in the nontwist standard map. The Slater's Theorem states that, for any quasiperiodic motion on the circle, there are at most three different recurrences, or return times, in any connected interval. Although this theorem was originally formulated for circle maps, it can also be applied to two-dimensional systems, once the dynamics on a KAM curve is mapped to a quasiperiodic rotation on a circle [26] . The recurrence time is defined as the number of iterations that an orbit takes to return to a neighborhood of a point. Our procedure to characterize the dynamics of an indicator point orbit of the GSNM is the following: with any one of the indicator points as the initial condition, we compute the orbit for N iterations and choose the point of the orbit which has the maximum number of different recurrence times. If there are more than three different recurrence times, we conclude that the orbit is chaotic and the corresponding KAM curve is destroyed. More precisely, the procedure consists of the following steps:
with initial condition u 0 = z 1 1 , where N is the number of iterations.
• Construct the recurrence matrix [40] :
where i, j ∈ {0, ..., N }, u i , u j ∈ O, Θ is the Heaviside function, and is a parameter defining the size of the neighborhood. If the distance between u i and u j , given by the norm u i − u j , is less than , R ij = 1; otherwise, R ij = 0.
• Define the recurrence time as τ ij = |i − j| for i = j and R ij = 1. That is, the recurrence time is τ ij if the orbit crosses the neighborhood of u j at the i-th iteration. For each point u j , compute the set of different recurrences S
• Determine the maximum number of different recurrence times:
where n is the number of recurrence times belonging to S (j) R , and use the Slater's Theorem to conclude that the orbit O is chaotic if n R > 3.
For n R ≤ 3, the characterization of the dynamics using the Slater's Theorem is inconclusive because the orbit might be periodic, quasiperiodic or even chaotic. In this case, the number of iterations, N , can be increased to explore if n R increases beyond 3. If the condition n R ≤ 3 still persists and no change in n R is observed, the orbit is deemed periodic if n R = 1 and quasiperiodic if n R = 3. The case n R = 2 requires a more careful analysis with higher values N . Increasing N , n R stabilizes in 3, indicating quasiperiodic dynamics, or assumes values greater than 3, which is the case for chaotic dynamics. Although rigorous criteria for the case n R ≤ 3 are lacking, the numerical results in Refs. [26, 27] support the use of recurrences in conjunction with Slater's theorem as a computationally efficient diagnostic to identify chaotic orbits.
We now apply this diagnostic to compute breakup diagrams for the GSNM showing regions in parameter space where the shearless curve is broken. The diagrams were constructed by computing the recurrences of IPOs for = 0.1, and two different number of iterations, N = 100 and N = 1000. Since the GSNM has four free parameters only two parameters were varied at a time while the others were kept constant. Our first example is presented in Fig. 8 where we fixed a = 0.1,ρ = 0 (which corresponds to the limit ρ L), and plotted the values of n r on a 1000 × 1000 grid in the (ρ, b) space. The main difference between N = 100 and N = 1000 is observed in points with n R = 2, but even for a relatively small number of iterations it is possible to identify the breakup of the shearless curve in domains where n R > 3. These domains have points plotted with magenta, red, and yellow colors.
Green points (n R = 3) are concentrated in domains with low effective perturbation b ef , which means small b orρ close to a zero of the zero-order Bessel function. For parameter values outside the green region (e.g., points A and C in Fig. 8 ) the IPO is chaotic, and, as shown in Fig. 9 , the shearless curve is destroyed. Forρ values near a zero of J 0 (e.g., point
B of Fig. 8 ), the shearless KAM curve is restored as shown by the red orbit in Fig. 9 .
Breakup diagrams with varying a andρ are shown in Fig. 10 . The number of iterations used to construct the first diagram was N = 100. In the second diagram, the number of iterations was increased to N = 1000. As before, regions where n R = 3, which are indicators of non-chaotic dynamics, are concentrated near the zeros of J 0 . A high occurrence of points with n R = 3 is also observed in regions with low a. When the number of iterations is increased from N = 100 to N = 1000, it s observed that the main geometric features remain the same, although several points with n R = 1 and n R = 2 transition to n R > 3.
Poincaré sections for parameters corresponding to points A, B, and C in Fig. 10 Summarizing, in this section we used a computational technique based on the recurrence properties of the IPO to estimate the critical parameter values for the breakup the shearless KAM curve. In particular, we computed breakup diagrams to understand the role of finite Larmor radius effects on the destruction and formation of shearless KAM curves. It was observed that whenρ is close to a zero of J 0 , the shearless curve becomes more robust to perturbation in b. This is because, near the zeros of J 0 , the GSNM's Hamiltonian is effectively integrable. In particular, asρ approaches a zero of J 0 , the shearless curve, and the KAM curves that make up the nontwist transport barrier, are restored. The robustness of the shearless curve and the critical thresholds are also modified by increasingρ. 
V. GYRO-AVERAGED QUARTIC NONTWIST MAP
In this section, we propose another area-preserving map, the gyro-averaged quartic nontwist map (GQNM). A key property of the GQNM is that it exhibits a zonal flow bifurcation, similar to the one observed in the nontwist Hamiltonian system of Ref. [6] . The Hamiltonian system in Ref. [6] is a drift-wave model of the E × B transport with FLR effects, and the zonal flow bifurcation corresponds to a bifurcation of the maximum of the E × B zonal flow velocity when the Larmor radius increases.
As in the previous maps, the GQNM is obtained from the gyro-averaged drift wave map in Eqs. (11) and (12) . The equilibrium potential similar to the one proposed in Ref. [6] where α and L are dimensional constants. Applying the gyro-average operation (4) to (51) gives
and from Eq. (13) we get the nonlinear frequency
where I = x/L, andρ = ρ/L. The zonal flow bifurcation results from a bifurcation of the (53) for small values of |I| andρ, Figure 13 shows the frequency profile in Eq. (54) for different values ofρ. Forρ = 0, there is only one critical point, Ω = 0, which corresponds to a maximum at I = 0. Increasinḡ ρ leads to an increase of the profile's "flatness" and eventually to a transition in which the maximum bifurcates into a minimum and two maxima. The bifurcation thresholdρ b can be determined from the condition,
which for Eq. (54) givesρ
Defining I n = x n /L, θ n = ky n /2π, andρ = kρ, and using Eq. (54), we get from Eqs. (11) and (12), the GQNM
where a = kα/ω 0 LB 0 , and the perturbation parameter is b = 2πaA/α. As in the previous maps, an effective perturbation parameter can be defined as b ef = bJ 0 (ρ). Like the GSNM, the GQNM reduces to the standard nontwist map forρ =ρ = 0. In what follows, we discuss FLR effects on the GQNM's fixed points and nontwist transport barriers.
A. Fixed Points and nontwist transport barriers
The fixed points (θ * , I * ) of the GQNM satisfy
For m = 0, a = 0, and bJ 0 (ρ) = 0, there are four fixed points independently of the value of ρ,
Ifρ ≥ 2ρ b = √ 2, there is an additional set of fixed points,
where Figure 14 shows the I coordinates of the fixed points with m = 0. P .
The stability of the fixed points P
can be analyzed by evaluating the Green's residue in Eq. (40) R P
where NTBs is also related to the strong KAM stability in nontwist maps [21] . According to the resonant overlap criterion [31] , tori located between resonances break when the resonances overlap. Thus, one expects tori to be more resilient when the resonances' widths are small.
As shown in Ref. [21] , in 3/2-degrees-of-freedom nontwist Hamiltonian systems, the width, δΩ, of second-order degenerate resonances scales as
where is the amplitude of the perturbation, and I 0 is such that 
VI. SUMMARY AND CONCLUSIONS
In this paper we studied finite Larmor radius effects on discrete models of E × B chaotic transport of test charged particles. The models are area-preserving Hamiltonian maps that assume an electrostatic potential consisting of the superposition of an equilibrium radial electrostatic field and a perturbation with a broad spectrum of drift waves. FLR effects were included by gyro-averaging the electrostatic potential and the maps were constructed from the integration of the resulting gyro-averaged E × B Hamiltonian system.
We constructed and studied three maps: the gyro-averaged standard map (GSM), the gyro-averaged standard nontwist map (GSNM), and the gyro-averaged quartic nontwist map (GQNM). In the GSM, the frequency, i.e. the gyro-averaged E × B zonal flow velocity, has a monotonic radial profile and the map satisfies the twist condition. In the GSNM and GQNM cases the frequency is non-monotonic and as a result the maps are nontwist. Nonmonotonic frequencies have degenerate points (i.e., points where the frequency is maximum or minimum), and in the vicinity of these points robust nontwist transport barriers (NTBs) tend to form.
Typically, in area preserving maps, increasing the perturbation increases the chaos in the phase space. However, even for large perturbations, FLR effects can suppress chaos and restore broken KAM curves. The breakup diagrams provide the critical thresholds for the breakup of the shearless curve which is one of the robust KAM curves that constitute the NTB. To determine the breakup of the shearless curve we used an efficient and accurate method based on the maximum number of different recurrence times. We showed that a relatively low number of iterations is sufficient to determine the main features of the breakup diagrams. Although in general chaos is suppressed when the Larmor radius is close to zeros of the zero-order Bessel function, the breakup diagrams exhibit a highly nontrivial fractal-like dependence on the Larmor radius and the other parameters of the map.
We also studied the role of the Larmor radius on the topology of the phase space and on bifurcations of the E × B zonal flow. In particular, we showed that the GSNM exhibits FLR dependent separatrix reconnection and obtained a formula determining the threshold for bifurcation from homoclinic to heteroclinic topologies as function of the Larmor radius.
We also found that in the GQNM there is a critical value of the Larmor radius for which the maximum of the E × B zonal flow bifurcates into a minimum and two maxima. These zonal flow bifurcations create additional shearless curves that play a highly nontrivial role on transport.
Motivated by the key role that periodic orbits play on transport we presented a detailed study of FLR effects on the location and stability of period-one orbits. In the GSNM there are four period-one orbits and, depending on the value of the Larmor radius, there are three possible stability configurations. In the GQNM the situation is more complex due to the existence of zonal flow bifurcations. In particular, there can be up to eight period-one fixed points, four of which only exist for Larmor radii greater than a critical threshold. In this case, depending on the value of the Larmor radius, there are five stability configurations. It was found that the elliptic fixed points created by varying the Larmor radius are strongly stable. The presence of elliptic points results in the formation of islands that can trap orbits in the phase space.
An important consequence of zonal flow bifurcations is the occurrence of up to three nontwist transport barriers. We focused on the central NTB and analyzed the robustness of the shearless curve using breakup diagrams. The results showed that the robustness of the central shearless curve significantly increases when the Larmor radius is close to the critical threshold for the zonal flow bifurcation. Based on this we argued that, in agreement with previous works, the "flatness" of the frequency profile at the critical point is directly associated with the robustness of the central shearless curve.
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